We investigate the following problem: for a given A ≥ 0, find the infimum of the set of B ≥ 0 such that the inequality 
. By L 2 (G), we will denote the spaces of all measurable functions x : G → R such that It is well known that the exact inequality of Hardy [3] 
, k∈ N, 0 < k < r , (1.2) holds for every function x ∈ L r 2,2 (R). For any A > 0 and any x ∈ L r 2,2 (R), from inequality (1.2), we get 4) with p = r /(r − k) and p = r /k, we get, for any A > 0 and any x ∈ L r 2,2 (R), the following inequality:
This inequality is the best possible in the next sense: for a given A > 0, the infimum of constants B such that the inequality
As is well known, inequality (1.2) (and consequently (1.5)) holds true for any function x ∈ L r 2,2 (T). However, the constant (1.7) is not the best possible in general (for a given constant A). Therefore, the main problem which we will study in this paper is the following.
For a given A ≥ 0, find the infimum of constants B such that inequality (1.6) holds for all functions x ∈ L r 2,2 (T). We will denote this infimum by Ψ (T; r ,k; A). We will investigate also the analogous problem in the presence of some restrictions on the spectrum of functions x ∈ L r 2,2 (T). Note that Babenko and Rassias [1] investigated the problem on exact inequalities for functions x ∈ L r 2,2 (T). They have found, for a given A ≥ 0, the infimum of constants B such that the inequality
holds for all functions x ∈ L r 2,2 (T). For more information related to this subject, see, for example, [2, 4, 5, 6 ].
Main results
Theorem 2.1. Let k, r ∈ N, k < r . Then for any A ≥ 0 and any x ∈ L r 2,2 (T), x (k) 2 2 ≤ A x (r ) 2 2 + v 2k 0 − Av 2r 0 x 2 2 = A x (r ) 2 2 + ϕ A, v 0 x 2 2 (2.1) holds if v 0 is such that η(v 0 + 1) ≤ A ≤ η(v 0 ), where η(v) = v 2k − (v − 1) 2k v 2r − (v − 1) 2r . (2.2) Given A, the constant ϕ(A, v 0 ) in (2.
1) is the best possible; that is,
3) For any x ∈ L r 2,2 (T), 0 < k < r , and any A ≥ 0, using Parseval's equality, we get
Proof. Let
then the last inequality can be written in the form
Our goal now is to find for a given A ≥ 0 the value of
We consider the difference
then the last equality can be written in the form
It is not difficult to see that
We now study the function η(v).
Indeed, using Cauchy's theorem, 
To do this, we will consider the function
Differentiating the function f , we get
and the condition f (A) = 0 implies
Now we have f (A 0 ) = 0 and our statement is proved. Let Π 2n+1 be the set of trigonometric polynomials of order less than or equal to n. Then in view of the Bernstein-type inequality, we have, for any τ ∈ Π 2n+1 and any k ∈ N,
(2.27) Therefore, for x = τ, inequality (1.6) holds with A = 0 and B = n 2k . Let now A > 0. By repeating (with obvious modifications) the proof of Theorem 2.1, we obtain that for any k, r ∈ N, k < r , and any τ ∈ Π 2n+1 , the following holds:
(2.28)
We now compute the value
, where v 0 ≥ n + 1, we get, taking into account the relations T; n) ). The following inequality is well known for functions x ∈ L r 2,2 (T; n):
(2.36)
Thus, for any k < r ,
(2. Note that
To show this, assume that 
